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Approximate Added-Mass Method for Estimating Induced
Power for Flapping Flight

S. Sunada¤ and C. P. Ellington†

University of Cambridge, Cambridge, England CB2 3EJ, United Kingdom

A method that uses the added mass of vortex sheets was developed to estimate induced power in � apping � ight
for birds and insects. This new method has advantages over existing methods. First, it is valid for � ights with
any forward velocity. Second, this method can be used to determine the effects of most kinematic parameters of
� apping wings on induced power, like the inclination of the stroke plane, amplitude of the � apping angle, and the
mean � apping angle. For hovering � ight this method has the same accuracy as methods based on the Rankine–

Froude momentum theory or on vortex ring theory. When the forward velocity is large, this method agrees with
the momentum theory for a � xed wing.

Nomenclature
( An ,m )k = in� uence matrix
c = chord length of two-dimensional sheet
d = vertical distance between vortex sheets
f̂ = number of vortex sheets generated during both

down and up strokes
g = gravitational acceleration
h = height of an isosceles triangle
i, j = panel number or point number
k = correction factor or number of a sheet
k1 = Mg / q R4n2 U 2 cos1.5 b
k2 = Mg / q R4n2 U 2 cos3 b
MA = added mass of a vortex sheet
M̂A = nondimensional added mass relative to that of a

circular disc, MA / (8/ 3 q R3)
M̄A = nondimensional added mass of a sheet relative

to its area, MA / q S1.5

N = half of number of panels on one sheet
NP = number of sheets used in calculation
n = beating frequency, 1/ (Td + Tu )
nd = beating frequency determined by only down stroke,

1/2Td

Pi = induced power
p, q = parameters for changing horizontal and vertical

distances between sheets
R = wing length
Rmean = mean diameter of a sheet,

p
(S / p )

r1 = ratio of induced power estimated by the present
method when f̂ =1 and that by method 1, 2, 3, or 4

r2 = ratio of induced power estimated by the present
method when f̂ =2 and that by method 1, 2, 3, or 4

S = area of a sheet
Sm = area of a panel
T = thrust
Td = period of downstroke
Tu = period of upstroke
t = time
V = forward velocity
w = induced velocity in far wake
wRF = induced velocity in near wake by Rankine–Froude

momentum theory
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w0 = moving speed of a vortex sheet for calculating
added mass

x , y, z = coordinate systems
b = inclination of stroke plane
C m = circulation of the mth vortex ring
q = air density
U = amplitude of � apping angle, u max ¡ u min

u = � apping angle during down stroke,
¯u + ( u /2) cos[( p / Td )t]

u VP = velocity potential

Subscripts and Superscripts

C = collocation point
max = maximum value
min = minimum value
P = panel
¯ = mean value

Introduction

R ecently, several numerical calculation techniques have been
used for analysis of � apping � ight. Phlips et al.,1 Vest and

Katz,2 and Hall and Hall3 adapted the lifting line theory, the panel
method, and the vortex lattice method to � apping � ight, respec-
tively, and calculated induced power. These techniques employ
fewer assumptions about the wake structure than conventinalmeth-
ods, which will be discussed later. However, the numerical tech-
niques require considerablymore computer power than those meth-
ods, and they are still widely used.

One of the conventional methods is by Pennycuick,4 which is
based on momentum theory for a � xed wing and is valid only for
fast forward � ights. (Hereafter, this method is called method 1.)
Another method is by Willmott and Ellington5 (method 2), which
is based on the momentum theory for a rotary wing,6 and is suitable
for hovering � ight and forward � ight. This method has a correction
factor,k in Eq. (11), that dependson thewakegeometry.The valueof
k is normally assumed to be equal to 1.2, but there is little theoretical
or experimental evidence to support this.

Yet a third method is from Ellington,7 which is only for hovering
� ight (method 3). It uses a steady momentum jet estimate, corrected
by a quasi-steady vortex theory for wake periodicity. The fourth
method is from Rayner8– 10 (method 4) and is based on vortex ring
theory.This method for hovering� ight considersthe wake evolution
from rest,8 whereas the method for forward � ight9 prescribes the
wake geometry. In this model there is thus a gap between the wake
model for hovering � ight and that for forward � ight.

The shortcomingsin methods1–4 are removed in a methodnewly
developed in this paper. In this method induced power is estimated
by using the addedmass of vortex sheets to estimate the mass � ux in
the wake. The present method is valid for � ights with any forward
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velocity and can estimate the effects of most kinematic variables of
� apping wings on induced power, like the inclination of the stroke
plane, amplitudeof the � apping angle, and the mean � apping angle.
Compared with the numerical calculation techniques such as the
panel method and the vortex lattice method, the present method
requires much less computer power but gives accurate estimates of
induced power.

Fluid Dynamic Model
Wake Model

First, we consider a � ight where the aerodynamicforce providing
support to weight is generated by the wings only during the down-
stroke. In such a � ight the wake is shed from the wings only during
the downstroke.

The wake behind a wing is represented by vortex sheets (Fig. 1)
whose shape in the near wake is the projectionof the area swept by
the wings on the x ¡ y plane (Fig. 2). This shape is determined by
the wing motion and is given by

x = R sin u (t ) cosb + V t, y = R cos u (t ) (1)

We assume that the variation in � apping angle is sinusoidal:

u (t ) = ¯u + 0.5 U cos( p t / Td ) (0 · t · Td ) (2)

In contrast to that in the near wake, the shape of the vortex sheet in
the far wake is unknown because of the deformation of the wake.

The inducedvelocity in the near wake is 0.5w and in the far wake
is w , similar to those in both the Rankine–Froude momentum theory
for a rotary wing6 and the momentum theory for a � xed wing.11 The
distance in the z direction between two sheets in the near wake
and in the far wake is 0.5w / n f̂ and w / n f̂ , respectively; and the
distance in the x direction between two sheets in the near wake
and in the far wake is V / n f̂ . Here, f̂ is a parameter indicating the
total number of vortex sheets generated during a wing beat. When

Fig. 1 Wake system.

Fig. 2 Shape of a vortex sheet in near wake.

Fig. 3 Vortex ring arrangement on a vortex sheet.

aerodynamic force is generated only during the downstroke, then
f̂ =1, and during both down- and upstrokes, f̂ =2.

The aerodynamic force T and induced power Pi are given by

T = MAw f̂ n (3a)

Pi = 0.5T w = 0.5MAw 2 f̂ n = 0.5
¡
T 2 ê MA f̂ n

¢
(3b)

f̂ = 1 (3c)

where MA is the added mass of the vortex sheet in the far wake. Be-
cause we are considering a � ight where aerodynamic force is gen-
erated only during the downstroke, f̂ =1, as indicated by Eq. (3c).

From the equation of continuity, MA in the far wake should be
equal to that in the near wake. Therefore, in the calculation for the
induced power Pi , the MA in the near wake (Fig. 2) replaces the
added mass in the far wake because the shape of the vortex sheet in
the far wake is unknown.

The presentmethodis adaptedas followsfor � ightswhere the ver-
tical aerodynamic force is generated during both the down- and up-
strokes:two vortexsheetsaregeneratedduringtheperiodof Td + Tu .
The assumption is made that the shape of the vortex sheet during
the upstroke is the same as that during the downstroke. Therefore,
Eq. (3c) is replaced by f̂ =2.

Calculating the Added Mass of Vortex Sheets12 ;13

The MA is obtained by numerically solving the � ow around vor-
tex sheets (Fig. 2) in the near wake by using the Laplace equation
for velocity potential r 2 u VP =0. The shape of the vortex sheet is
given by Eqs. (1) and (2). All sheets are divided into 2N small
panels, where each panel is represented by a vortex ring whose
circulation is C m(1 ·m ·2N ), as shown in Fig. 3. Distribution of
C m on all vortex sheets is similar. In the present method the value
of 2N is 1250 because the MA does not change signi� cantly for
2N ¸ 1250, as indicated in Appendix A. The distribution of panels
is symmetric about the x axis, and the condition C m = C 2N + 1 ¡ m is
satis� ed.

The distance between two sheets in the z direction is 0.5w / n f̂ .
Although the number of sheets NP must be theoretically in� nite,
NP =15 is suf� ciently large for the calculations when w / Rn ¸ 0.5
because MA does not change signi� cantly for NP ¸ 15, as stated
in Appendix A. The number of sheets NP was 15 for all of the
calculations except for those for Fig. 4.

The coordinatesof the corners of the (i, j ) panel on the kth sheet
are expressed as

xP (i, j, k) / R = ( j / jmax) sin u [t = (i / imax)Td ]cos b

+ (V / R)[(i / imax)Td + k / n f̂ ]

yP (i, j, k) / R = ( j / jmax) cosu [t = (i / imax)Td ]

zP (i, j, k) / R = (0.5w / Rn f̂ ){k ¡ [(NP + 1) / 2]} (4)

Collocation points are at the center of the vortex rings only on the
middle sheet, k =(NP + 1) / 2. The coordinates of the collocation
points are
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Fig. 4 Comparison between the present method and the Rankine–

Froude momentum theory for calculating the induced power for various
beating frequency n.

xC (i, j ) = [xP (i ¡ 1, j ¡ 1) + xP (i ¡ 1, j )

+ xP (i, j ¡ 1) + xP (i, j )]/ 4

yC (i, j ) = [yP (i ¡ 1, j ¡ 1) + yP (i ¡ 1, j )

+ yP (i, j ¡ 1) + xP (i, j )]/ 4

zC (i, j ) = 0 (5)

Here is consideredan imaginary motion where all sheets move in
the z direction with velocity w0 . The following condition must be
satis� ed at all collocation points:

NPX

k = 1

( An,m )k

2

6664

C 1

¢ ¢ ¢
C m

¢ ¢ ¢
C N

3

7775
+ w0

2

6664

1
¢ ¢ ¢
1

¢ ¢ ¢
1

3

7775 =

2

6664

0
¢ ¢ ¢
0

¢ ¢ ¢
0

3

7775 (6)

where ( An ,m )k is an in� uence matrix that indicates the in� uence of
both mth and (2N + 1 ¡ m)th vortex rings on the kth sheet for the
nth collocationpoint.The circulation C m (1 ·m · N ) is determined
by solving Eq. (6). Then, MA is given by

MA = 2 q
NX

m = 1

Sm
C m

w0
(7)

where Sm is the area of the mth vortex ring. The following relation
between the interference effect between vortex sheets on the added
mass can be expected from Eqs. (6) and (7). When the distance
betweenvortexsheetsis smaller, that is, when the interferenceeffect
between the vortex sheets is larger, the coef� cients in in� uence
matrix (An,m)k become larger, and the added mass determined by
the obtainedcirculationand Eq. (7) is smaller.Thus, the interference
effect between vortex sheets makes the added mass of the vortex
sheets smaller.

Results
Numerical Error in the Present Method

Figure 5 shows M̂A = MA / (8/ 3q R3) for an isolated sheet; this is
the nondimensional added mass relative to that of a circular disc,
8/ 3q R3 . In this � gure u max = ¡ u min =0.5 U and V =0. The values
of M̂Aare a function of b and U . For U =180 deg, the shape of the
sheet is circular for b =0 and elliptic for other values of b . The
cross symbols in the � gure show the values of M̂A for U =180 deg
calculatedby the presentmethod, and the solid line shows the corre-
spondinganalyticalvalues of M̂A (Ref. 14). The differencebetween
the calculatedand the analyticalvalues was less than 5%. The other
symbols and lines in the � gure will be used later for the de� nition
of k1 .

We determined the error in the present method for a series of
sheets by calculating MA for stacked two-dimensional sheets, and

Fig. 5 Effect of inclination of stroke plane ¯ and amplitudeof � apping
angle U on added mass. Symbols show the values calculated by the
present method: ——, analytical value at U = 180 deg. The other lines
indicate the values calculated by Eq. (9) at various U .

then comparing these values of MA with the analytical solution
calculated using the following equation15:

MA

MA(d / c = 1 )
=

8
p 2

³
d

c

2́ »
cosh

³
p c

2d

¼́

MA(d / c = 1 ) =
p

4
q c2 (8)

The present method overestimated the value of MA of the stacked
two-dimensional sheet by about 5%. This means that the estimated
error in the present method is less than 5%.

Comparison of Methods
The present method, with b = u max = u min =n =nd =0, agrees

with the momentum theory for a � xed wing because the vortex
system is the same in both.

Figure 4 shows values of Pi calculated by using the present
method as a function of beating frequency n. For the calcula-
tion the following kinematics data were used: b =0 deg, V =0,
u max = ¡ u min =90 deg, R =17.4 mm, and M =0.0498 g. Here,
wing length R and the total mass M are those for the crane� y (Ap-
pendix B). In these calculations the number of the sheets NP is
much larger than NP =15, which was for the other calculations in
this paper, as stated in Appendix A.

The calculated Pi approaches that based on the Rankine–Froude
momentum theory when n becomes larger. This can be explained
by considering the wake model in the Rankine–Froude momentum
theory as follows. An actuatordisk, representingan in� nite number
of blades, is assumed in the Rankine–Froude momentum theory.
Vortices are steadily generated from the rotating blades and exist
everywhere in the vortex tube, which represents the wake under the
actuator disk. So, the vortex tube is equivalent to a stack of vortex
sheets the distance between which is zero. In the present method
vortex sheets are generated almost continuously as n approaches
in� nity. Therefore the wake model in the present method as n ap-
proaches in� nity agrees with that in the Rankine–Froude momen-
tum theory. Conversely,when n is small, the differencebetween the
wake model in the present method and that in the Rankine–Froude
momentum theory is larger, and the difference between the Pi is
larger.

The preceding reasoning is valid in general, and not just for the
speci� c example of the crane� y in Fig. 4. Therefore, the present
method is consistent with both the momentum theory for a � xed
wing and the Rankine–Froude momentum theory for a rotary wing.

Parameters k1 and k2

A parameter k1 is useful for estimating the interference effect
between vortex sheets in the present method and a parameter k2 for
estimating the correction factor k in Eq. (13).
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Table 1 Parameters indicating interference effect between vortex sheets in hovering � ight7;16;17

Amplitude of
Body Wing Beating Inclination of � apping
mass length frequency stroke plane angle

Insect mg R, mm n, Hz b , deg U , rad/deg

k1 = k2 =
Mg

q R4n2 U 2 cos1.5 b

Mg
q R4n2 U 2 cos3 b

Ladybird, Coccinella 7-punctata 34.4 11.2 53.9 18 3.09/177 0.68 0.73
Crane� y, Tipula obsoleta 11.4 12.7 45.5 11 2.13/122 0.38 0.39
Crane� y, Tipula paludosaa 49.8 17.4 58.0 6 2.09/120 0.30 0.30
Honeybee, Apis mellifera 101.9 9.8 197 ¡ 11 2.27/130 0.45 0.47
Hover� y, Eristalis tenax 68.4 11.4 157 0 1.90/109 0.36 0.36
Hover� y, Episyrphus balteatus 27.3 9.3 159 ¡ 2 1.66/95 0.42 0.42
Hover� y, Episyrphus balteatus 28.1 10.0 141 21 1.15/66 0.95 1.05
Hawkmoth, Manduca sextaa 1995 52.1 25.4 23.4 1.97/113.1 0.98 1.11
Bumblebee, Bombus terrestrisa 175 13.2 155 6 2.02/116.0 0.47 0.48
Bumblebee, Bombus hortorum 226 14.1 152 ¡ 8 2.09/120 0.46 0.47
Bumblebee, Bombus lucorum 231 14.1 140 6 2.27/130 0.47 0.47

aCases calculated.

Table 2 Comparison of the � ve methods of induced power of crane� y � ight

Method 1 Method 2 (k = 1.2) Method 3 Method 4

Present method Pi r1 or r2 Pi r1 or r2 Pi r1 or r2 Pi r1 or r2

V /Rn = 0

f̂ = 2 3.1 £ 10 ¡ 4W 3.3 £ 10 ¡ 4W r2 = 1.06 3.1 £ 10 ¡ 4W r2 = 1.0 Normal hovering
S = U R2 3.5 £ 10 ¡ 4W r2 = 1.13

f̂ = 1 3.8 £ 10 ¡ 4W r1 = 0.87 r1 = 0.82 S = p R2 2.8 £ 10 ¡ 4W r2 = 0.90
Avian hovering

S = U R2 3.9 £ 10 ¡ 4W r1 = 1.03
S = p R2 3.2 £ 10 ¡ 4W r1 = 0.84

V /Rn = 0.376
f̂ = 2 2.6 £ 10 ¡ 4W 3.3 £ 10 ¡ 4W r2 = 1.27 3.0 £ 10 ¡ 4W r2 = 1.15
f̂ = 1 3.2 £ 10 ¡ 4W r1 = 1.03 r1 = 0.94

Parameter k1: Indicator of Interference Effect Between Wake Sheets During
Hovering Flight

The symbols in Fig. 5 indicate the added mass M̂A of isolated
sheets calculatedusing the present method when V =0 as parame-
ters of b , u max, and u min. The solid line shows the analyticalsolution
at u max = ¡ u min =90 deg, and the other � ve lines indicate M̂A cal-
culated using the equation

M̂ A = cos1.5 b ( U / 180 deg)2 (9)

The calculatedvalues of M̂A by the presentnumericalmethod (sym-
bols) are similar to those from Eq. (9). Substituting Eq. (9) and
T =Mg into Eq. (3a) yields a nondimensional distance between
sheets w / R f̂ n that is proportional to k1 , which is a parameter that
indicates the magnitude of the interference effect:

w / R f̂ n / Mg / q R4n2 U 2 cos1.5 b ´ k1 (10)

Parameter k2: Indicator of Correction Factor k
In the momentum theorymodi� ed for a beatingwing by Willmott

and Ellington,5 induced velocity in the far wake w is given by

w = 2
q

¡ 1
2
V 2 +

p
(kwRF)4 + 0.25V 4

wRF =
p

Mg /2 q U R2 (11)

The value of k is normally taken as 1.2, but it should vary accord-
ing to the wing kinematics, and the validity of the assumption that
k =1.2 is not yet known.

When the induced velocity w calculated using Eq. (11) is equal
to that using the present method, the correction factor k is given by

k =
3

8M̂ A

s
1

2

g

q

M

R4 f̂ 2n2
U

£ 4

s

1 +

³
16 q

3g

2́³
R4 f̂ 2n2

M

2́³
V

Rn

2́

M̂ 2
A (12)

For hovering � ight this factor is

k =
3

8M̂A

s
1

2

g

q

M

R4 f̂ 2n2
U /

Mg

q R4n2 U 2 cos3 b
´ k2 (13)

The value of k2 is therefore proportional to the correction factor k.
The valuesof k1 and k2 are similar; indeed,k2 =k1 / cos1.5 b . When

the interference effect (i.e., 1/ k1 ) is small, then k2 and k are large,
and conversely k is small when the interference effect is large.

Table 1 shows values of k1 and k2 for some insects.7 , 16, 17 The
smallest interferenceeffect and the largest k occurred for the hawk-
moth during hovering � ight because of the values of k1 and k2, re-
spectively.Conversely, the largest interferenceeffect and the small-
est k occurred for the crane� y during hovering � ight.

Induced Power for Real Flights
The effectivenessof the presentmethodwas determinedby calcu-

lating Pi for the � ights of a crane�y, pigeon,hawkmoth,and bumble-
bee. The shape of the vortex sheets were determined by using kine-
matic data for a crane� y,7 pigeon,4 hawkmoth,16 and bumblebee17

shown in Table B1. Calculations for the � ights were made under
two assumptions. First, the vertical force is generated during only
the downstroke, which is generally true for forward � ight. Second,
it is generated during both strokes, which applies to most hovering
insects and hummingbirds.

The correction factors k for the different � ights are shown in
Fig. 6. The assumption of k =1.2 gives a good estimate of induced
power for forward � ight, where f̂ =1. However, the value of k is
2.2 for the hovering � ight of a hawkmoth, where the aerodynamic
force is generated during only the downstroke, the assumption that
k =1.2 would cause a large error in estimating the induced velocity
by Eq. (11).

The Pi for a crane� y � ight for a forward velocity V /Rn of 0
and 0.376 (Table 2) was calculatedby using � ve differentmethods:
the present method and methods 1– 4. Vertical body velocity was
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Fig. 6 Correction factor k for � ights of a bumblebee, a hawkmoth, a
crane� y, and a pigeon. Kinematic data are shown in Table B1. Calcula-
tions done for Ãf = 1 and 2.

neglected in all methods. The calculationsusing the presentmethod
were made under both cases and f̂ =1 and 2.

Table 2 shows the comparison between the present method and
methods 2–4 for V / Rn =0. The result from the present method
with f̂ =2 agrees very well with that from method 2 (r2 =1.06)
and method 3 (r2 =1.0). This result also agreeswith that by method
4 for normal hovering,which is equivalentto f̂ =2 (r2 =1.13 when
S = U R2 or r2 =0.9 when S = p R2). In addition, the result from
the present method with f̂ =1 agrees reasonably well with that
from method 2 (r1 =0.87), method 3 (r1 =0.82), and method 4 for
avian hovering, equivalent to f̂ =1 (r1 =1.03 when S = U R2 or
r1 =0.84 when S = p R2 ). The differencesin the estimated induced
powerof the crane�y � ightbetweenthepresentmethodandmethods
2, 3, and 4 are small when V /Rn =0.

Table 2 also shows the comparison between the present method
and methods 1 and 2 for slow forward � ight at V /Rn =0.376. The
result from the present method with f̂ =2 agrees reasonably well
with that from method 2 (r2 =1.15). There is a larger difference
between the present method with f̂ =2 and method 1 (r2 =1.27),
but that method is based on the momentum theory for fast forward
� ight, as stated before; it is not suitable for small forward velocities
such as V /Rn =0 or 0.376.

The values estimated by the present method with f̂ =1 agree
well with those by method 1 (r1 =1.03) and method 2 (r1 =0.94).
So, methods 1 and 2 with k =1.2 can estimate induced power as
precisely as the present method for � ight with small V /Rn when
aerodynamic force is generated only during the downstroke.

Among the � ights listed in Table B1, the crane�y has the smallest
k1, i.e., the smallest nondimensionaldistancebetween vortex sheets
(=d / 2R), and the largest k2 , i.e., the largest interference effect be-
tween vortex sheets. When the aerodynamic force was assumed
to be generated 1) during the downstroke ( f̂ =1), the interference
effect decreased the added mass of the vortex sheet by 35%, and
d /2R =0.5(w / R f̂ n) was 0.76, and 2) during both strokes ( f̂ =2),
41% and 0.3, respectively.This means that for other � ights the ex-
pected d /2R is greater than 0.3.

Interference Effect Between the Vortex Sheets on Added Mass
Added mass was estimated for a series of circular sheets (Fig. 7a)

for various horizontal and vertical distances (pR and qR, respec-
tively) between vortex sheets. The added mass is nondimensional-
ized by that of an isolatedcircularplate MA( p =q = 1 ). At p ·1.5
(Fig. 7b), MA / MA( p, q = 1 ) was less than one and increasedwhen
q increased. Conversely, at p ¸ 1.5, MA / MA (p, q = 1 ) increased

a) Horizontal and vertical distances between circular sheets pR and qR

b) Added masses as a function of p and q

c) Circulation contours for p = 1; q = 0:5 and p = 1; q = 1

d) Circulation contours for p = 2; q = 0:5 and p = 2; q = 1
Fig. 7 Added mass of series of circular sheets.
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when q decreased, and MA / MA( p, q = 1 ) exceeded one. The rea-
son for these results is that at p ¸ 1.5 much of each sheet is in the
upwash generated by the other sheets, whereas at p ·1.5 it is in
the downwash. Figures 7c and 7d show the interference effect on
circulation distribution at p =1, q =0.5, and p =2, q =0, respec-
tively. At p =1, q =0.5 the circulation at any point on the sheet
decreasedbecause of the interferenceeffect (Fig. 7c). The decrease
in the region where the sheets overlapped in the z direction was par-
ticularly large because the downwash generated by the other sheets
was larger in this region.At p =2, q =0 the circulationat any point
on the sheet increased because of the interference effect (Fig. 7d).
The increasein the regioncloser to theneighboringsheetswas larger
because the upwash generated by the other sheets was larger in this
region.

The interference effect was largest at q =0 when sheets did
not overlap each other in the z direction (i.e., at p ¸ 2), and
MA / MA( p, q = 1 ) did not exceed 1.2. Therefore, the interference
effect is not very large when sheets do not overlap each other in the
z direction.

For the interference effect between sheets stacked in the z direc-
tion (V /Rn =0, i.e., p =0), the results for six different sheets
are shown in Fig. 8, when d / c or d /2R exceeds 0.3, be-
cause the expected value for d / c or d /2R is greater than
0.3 as described in the preceding section. The parameters for
the six sheets in Fig. 8 are as follows: 1) two-dimensional
sheet with chord length c (Rmean / R =1) (solid line); 2) circu-
lar sheet, u max = ¡ u min =90 deg, b =0 deg, Rmean / R =1 (cir-
cles); 3) one section of a circular sheet, u max = ¡ u min =60 deg,
b =0 deg, Rmean / R =0.82 (crosses); 4) one section of a circu-
lar sheet, u max = ¡ u min =30 deg, b =0 deg, Rmean / R =0.58 (tri-
angles); 5) elliptical sheet, u max = ¡ u min =90 deg, b =30 deg,
Rmean / R =0.93 (squares); and 6) elliptical sheet, u max = ¡ u min =
90 deg, b =60 deg, Rmean / R =0.71 (diamonds).

Here, Rmean [=
p

(S / p )] is the diameter of a circle whose area
is equal to that of the sheet. The interference effect increased as
Rmean / R was decreased.

Wing Motion for Smaller Induced Power
Equation (3b) indicates that Pi decreases as MA increases,

when R, n, and f̂ are � xed. The relation between w / Rn and
MA / MA(w / Rn = 1 ) and was similar for all three-dimensionalvor-
tex sheets in Fig. 8 and is therefore independent of the vortex sheet
shape. Therefore, when MA(w /Rn = 1 ) of a vortex sheet shape is
large, MA =[MA / MA(w /Rn = 1 )] MA(w / Rn = 1 ) is also large,
and Pi is small.

The values of MA of an isolated sheet are calculated for dif-
ferent parameters of wing motions (Table 3). Figure 9 shows
M̂A =MA / (8/ 3q R3) for b =0, 30, 60, and 90 deg.

Optimal wing kinematicsfor birds and insects might be those that
generate the smallest Pi . To decrease Pi , M̂A must be increased.For

Fig. 8 Added mass for six different stacked sheets (V/Rn = 0): (1) two-
dimensional sheet (——); (2) circular sheet, Ámax = ¡¡ Ámin = 90 deg,
¯ = 0 deg ( ); (3) one section of circular sheet, Ámax = ¡¡ Ámin = 60 deg,
¯ = 0 deg ( ); (4) one section of circular sheet, Ámax = ¡¡ Ámin = 30 deg,
¯ = 0 deg ( ¦ ); (5)elliptical sheet, Ámax = ¡¡ Ámin = 90 deg,¯ = 60deg (++ );
and (6) elliptical sheet, Ámax = ¡¡ Ámin = 90 deg, ¯ = 30 deg ( 4 ).

a) ¯ = 0

b) ¯ = 30 (deg)

c) ¯ = 60 (deg)

d) ¯ = 90 (deg)

Fig. 9 Nondimensional added mass ÃMA of an isolated sheet.
(Ámax; Ámin ): , (30,¡¡ 30); , (60,¡¡ 30); ¦ , (60,¡¡ 60); d , (75,¡¡ 45); ++ ,
(90,¡¡ 30); 4 , (90,¡ ¡ 60); and £ £ , (90,¡¡ 90).
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Table 3 Cases calculated

V /Rn b , deg ( u max , u min ), deg

0.0 0 (30, ¡ 30)
0.5 30 (60, ¡ 30)
1.0 60 (60, ¡ 60)
2.0 90 (75, ¡ 45)
3.0 —— (90, ¡ 30)
4.0 —— (90, ¡ 60)
—— —— (90, ¡ 90)

a) Amplitude of � apping angle U

b) Mean � apping angle ÅÁ

Fig. 10 Effect of wing kinematic data on added mass of a vortex sheet.

such conditionsFig. 10 shows the optimal U and ¯u for a given ¯u and
U , respectively,as functionsof b and V / Rn. Figure 10a shows that a
larger U is optimal when both V /Rn and b are small. Conversely, a
smaller U is optimal when both V / Rn and b are large. These results
agree with real � ights: the � apping amplitude U is small for a � yer
whose � ight is generally fast with large b , and, conversely, U is
large for a � yer whose � ight is generally slow with small b .

Typically, the amplitude U is often about 120 deg, but the mean
� apping angle can range from 30 to 0 deg. The results in Fig. 10b
show the comparison between M̂A for these conditions.For smaller
Pi a larger ¯u is optimalwhenboth V /Rn and b are small.Conversely,
a smaller ¯u is optimal when either V /Rn or b is large. These results
are concurrent with real � ight: ¯u is small for a � yer whose � ight
is generally fast with large b , and a � yer whose � ight is generally
slow with small b sometimes uses the clap-� ing mechanism, where
u max is equal to 90 deg and ¯u is greater than 0.

M̂A is determined not only by the shape of the vortex sheet but
also the areas of the sheet. It is therefore convenient to de� ne a
nondimensional added mass M̄A = MA / q S1.5 (Fig. 11). The M̄A

increases as the shape of the sheet approaches that of a square or
circle (see AppendixC). The variations in M̂A include those for M̄A

and those for the vortex-sheetarea.

At V / Rn ¸ 2
The value of M̄A declines from about 0.45 to 0.4 and is largely

independentof u max , u min , and b because variations in these param-
eters do not signi� cantly affect the vortex-sheetshape.The variation
in M̂A is mainly caused only by changes in the vortex-sheet area.

a) ¯ = 0

b) ¯ = 30 (deg)

c) ¯ = 60 (deg)

d) ¯ = 90 (deg)

Fig. 11 Nondimensional added mass ÅMA of an isolated sheet.
(Ámax; Ámin ): , (30,¡¡ 30); , (60,¡¡ 30); ¦ , (60,¡¡ 60); d , (75,¡¡ 45); ++ ,
(90,¡¡ 30); 4 , (90,¡ ¡ 60); and £ £ , (90,¡¡ 90).
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At V / Rn · 2
In contrast, variations in u max, u min , and b signi� cantly affect

M̄A. The variations in M̂A are composedof this variation in M̄A and
changes in the vortex-sheet area.

At b = 0, 30, and 60 deg
The value of M̄A is large when u max or ¡ u min is 90 deg, and is

maximum when u max = ¡ u min =90 deg. At q =0 the added mass
increases by the interference effect as p approaches two (Fig. 7b),
thus indicating that the added mass increases when the two sheets
are connected.This is why M̄A is large when u max or ¡ u min is equal
to 90 deg.

At b = 90 deg
The value of M̄A is large when neither u max or ¡ u max are 90 deg,

because the vortex-sheetshape approachesa square when both u max

and u min are small.

Conclusions
An approximate method for estimating induced power for � ap-

ping � ight at any forward velocity has been developed. It uses the
added mass of the vortex sheets whose shape is determined by the
wing kinematics. In this method the wake geometry is assumed like
in methods1–4, but thepresentmethodhas the followingtwo advan-
tages. First, it has no discrepancy with either the Rankine–Froude
momentum theory for a rotary wing or the momentum theory for a
� xed wing. Second, it can be used to determine the effects of most
kinematic parameters of � apping wings on the induced power. The
effectivenessof the presentmethod was demonstratedby determin-
ing the contributionof the followingkinematicsof � apping wings to
decreasingthe inducedpower and increasingthe ef� ciencyof � ight.

1) During high-speed � ight where the inclination of the stroke
plane is large, both the amplitude of the � apping angle and the
mean � apping angle should be small.

2) During low-speed � ight where the inclination of the stroke
plane is small, the amplitude of the � apping angle should be large,
and the maximum � apping angle is sometimes 90 deg (clap-� ing
mechanism).

Numerical calculation techniques such as the vortex lattice
method and the panel method can estimate induced power without
assuming the wake geometry.Compared with these numerical tech-
niques, the present method offers a simpler physical understanding
of the effects of kinematic variation on induced power. The com-
puter power required by the present method is also much smaller
than that by the numerical methods.

Appendix A: Panels and Vortex Sheets
1) The number 2N of panels distributedon a vortex sheet was de-

termined as follows. The value of imax is equal to that of jmax in all
of the calculations in this paper, and so N is given by imax jmax.
Values of M̂A were estimated over a range of N for the cases
b =0, u max = ¡ u min =30 deg, and b =0, u max = ¡ u min =90 deg.
The relation between M̂A and 2N is shown in Fig. A1. The val-
ues of M̂A converged suf� ciently by 2N =1250, and that value was
subsequentlyused in all of the calculations in this paper.

2) The number of sheets NP was determined as follows. When
the value of w /Rn is smaller, interaction between the sheets in-
creases, and the number of sheets NP should be larger. Val-
ues of M̂A were therefore estimated over a range of NP for
b =0, u max = ¡ u min =30 deg, and w / Rn =0.5. The relation be-
tween M̂A and NP for this case is shown in Fig. A2. The value
of M̂A is nearly constant over the range, and a value of NP equal to
15 was used in all calculations when w / Rn is not smaller than 0.5,
that is, all of the calculations except for those for Fig. 4.

Figure A2 also shows the relations between M̂A and NP for
the cases for Fig. 4, when n =600, w / Rn =0.057 and n =928,
w /Rn =0.056. The values of M̂A converged suf� ciently by
NP =150 and 100, respectively, and these values of NP were used
when the added mass of the vortex sheets was calculated. As just
stated, the values of NP were determined for Fig. 4 so that the esti-
mated added mass of the vortex sheets is nearly equal to that when
the value of NP is in� nity.

Fig. A1 Relation between the number of panels on the vortex sheet 2N
and added mass ÃMA .

Fig. A2 Relation between the number of sheets NP and added mass
ÃMA.

Appendix B: Kinematic Data
Table B1 shows kinematic data of � ights whose induced power

were estimated by the present method.

Appendix C: Added Mass of Typical Shapes
Nondimensional added mass M̄A = MA / q S1.5 for an isolated

rectangular, elliptical, or isosceles triangular sheet is shown in
Fig. C1. The following equation is satis� ed for an isolated rectan-
gular or elliptical sheet because of the symmetry of the shape of the
sheet:

M̄ A(a / b) = M̄ A(b /a) (C1)

Therefore,in Fig. C1, we show M̄A only fora / b < 1 for a rectangular
or elliptical sheet. Furthermore, the added mass for a rectangular
sheet with small a / b is approximately equal to the summation of
added mass for a two-dimensional sheet whose width is a:

M̄ A(a / b) = ( p / 4)
p

a /b, a /b ¿ 1 (C2)

The maximum M̄A for a rectangular, elliptical, or isosceles tri-
angular sheet is that for a square, circular, or equilateral triangular
sheet, respectively.Furthermore, M̄A for a square sheet is similar to
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Table B1 Wing motions

Insect M , g R, mm V , m/s u max , deg u min , deg b , deg n, Hz nd , Hz V /Rn

Crane� y7 0.0498 17.4 0.376 81.0 ¡ 39.0 6 58.0 58.0 0.37
Pigeon4 400 325 7.8 86.5 ¡ 11.0 45 6.2 6.2 3.9

9.2 66.0 ¡ 15.0 53 6.0 6.0 4.7
18.0 81.5 ¡ 18.5 80 5.6 5.6 9.9

Hawkmoth16 1.995 52.1 0.0 72.4 ¡ 40.7 23.4 25.4 21.0 0.0
0.9 69.9 ¡ 35.6 23.3 25.6 21.9 0.67
2.1 74.1 ¡ 25.4 37.6 24.8 21.2 1.63
2.9 70.0 ¡ 27.1 44.4 26.1 22.3 2.13
3.8 73.1 ¡ 29.6 52.7 24.8 20.0 2.94
5.0 73.4 ¡ 30.4 56.4 25.0 22.2 3.84

Bumblebee17 0.175 13.2 0.0 80.0 ¡ 36.0 6 155 155 0.0
1.0 81.0 ¡ 31.0 16 145 145 0.52
2.5 86.5 ¡ 38.5 28 152 152 1.25
4.5 77.5 ¡ 25.5 43 144 144 2.37

Fig. C1 Nondimensional added masses ÅMA of a rectangular, elliptical,
or isosceles triangular sheet.

that for a circular sheet, and both are larger than that for an equilat-
eral triangular sheet.
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